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Abstract

Among new set-theoretic axioms, Large Cardinal Axioms hold a place of
honour. These axioms have revealed to be immensely successful, both in terms
of mathematical (set-theoretic) consequences, and in terms of connections they
have helped establish among different areas of mostly, but not exclusively, set-
theoretic interest.1 The study of large cardinals seems to be, in addition, inex-
haustible, as new hypotheses, whose usefulness may not yet be fully under-
stood, but will presumably be revealed at some point, keep cropping up in
set-theoretic work.

Their status and justification as new axioms of set theory is, on the contrary,
a different story, as they do not seem to straightforwardly follow from the ‘con-
cept of set’, and, thus, are not, according to a generally accepted classification
of forms of justification for set-theoretic axioms, intrinsically justified.2 How-
ever, it has been argued that, at least, ‘small’ large cardinals (those compatible
with V = L) are intrinsically justified insofar as they are related to Closure and
Reflection properties of V .3

In order to tackle the issue more systematically, in the paper we address all
(fundamental) ‘abstract motivating principles’ which have been introduced (or
invoked) to justify large cardinals.4 These include Reflection, but also Resem-
blance and Uniformity (= Generalisation), crucially hinge on elementary embed-
dings (as already in Reinhardt’s Reflection) and, taken jointly, prescribe increas-
ingly stronger forms of self-similarity of V .5

More recently, further strengthenings of Reflection, such as [Welch, 2014]’s
Global Reflection Principle (GRP) and [Bagaria, 2021]’s Structural Reflection
Principles (SRP), have been formulated, which build on features of the afore-
mentioned principles (in particular, on Resemblance and Uniformity), but could

1Cf. [Kanamori, 2009], especially the Introduction.
2For the origin of the classification, and its meaning, see [Gödel, 1947] and [Gödel, 1964].

Gödel’s ideas are explained (and explored) in more detail in [Wang, 1996].
3Cf. [Tait, 1998], [Tait, 2005], [Koellner, 2009]). On Tait’s (and, more generally, the ‘bottom-up’)

strategy, see also [Barton, 2015] and [McCallum, 2021] discussing the principles in [Roberts, 2017].
4Some of these were identified by Gödel (cf. [Wang, 1974] and [Wang, 1996]); oth-

ers are discussed in [Kanamori and Magidor, 1978], [Solovay et al., 1978], and [Maddy, 1988a],
[Maddy, 1988b].

5For Reinhardt’s theory, see, in particular, [Reinhardt, 1974a] and [Reinhardt, 1974b].
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also be taken to be sub-principles of those main principles; moreover, both GRP
and the strongest SRP’s are equivalent to some of the strongest large cardinal
hypotheses.6

Now, the main philosophical issue is whether, and in what sense, motivat-
ing principles, in particular, the more recent ones, are justified by the ‘concept
of set’, taken to mean the ‘iterative concept’ (IC). In fact, as we argue in the
paper, even Reflection, in its ‘weak’ form, may not be justified by IC, so the
strongest principles, clearly, won’t either.

But one could reason as follows. Let C be IC. One may take into account
strengthenings of C through making further plausible ontological assump-
tions, such as: ‘the Absolute exists’, or ‘predicative (impredicative) classes ex-
ist’. Now, if intrinsic justifiability is standardly taken to be equivalent to ‘deriv-
ability from C ’, now the notion could be extended to: ‘derivability from C or
its strengthenings’. In particular, one could view each of the strengthened con-
cepts as expressing (further) conceptual content of C , that is, as being directly
implied (‘conceptually grounded’) by C itself, but one could also stipulate that
the closer to C are the conceptual resources needed to justify a principle P the
more intrinsically justified is P itself.

However, this strategy is far from being unexceptionable. In particular, its
success crucially depends, among other things, on how one interprets class-
theoretic discourse within set theory, and it is apparent that many mutually
incompatible interpretations are available.7

Two further issues arise in connection with the (broadly conceived) justi-
fication of motivating principles. One could be called ‘extension to inconsis-
tency’, and consists in the fact that the ‘uncontrolled’ iteration of a principle
may lead to inconsistencies (as happened with Reinhardt’s Reflection).8 The
other one is that some of these principles, such as Reflection, might not be able
to justify all large cardinal hypotheses, but only some of them.

We conclude the paper by looking into where SRP locate themselves in this
debate. In particular, one can tentatively say that, insofar as SRP:

• commit themselves only to definable classes;

• do not lead to a fateful form of ‘extension to inconsistency’

• are flexible enough to produce variants which account for the existence
of practically all large cardinals

SRP may be seen, in light of the way we have characterised the debate
above, as being more justified, intrinsically, than the other principles, and also
as enjoying a very robust extrinsic support.

6GRP implies that there are unboundedly many Woodin cardinals; the principle Π1-SR, that is,
Structural Reflection for Π1-sentences, is equivalent to the existence of a supercompact cardinal.

7Cf., e.g, [Fujimoto, 2019].
8See [Koellner, 2009], p. 217.
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